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Multidimensional  Bilinear  Hardy  Inequalities 

N.  Bilgigli,  R.Ch.  Mustafayev*,  T.  Unver 


Abstract.  Our  goal  in  this  paper  is  to  find  a  characterization  of  n-dimensional  bilinear 
Hardy  inequalities 
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when  0  <  q  <  oo,  1  <  pi,  P2  oo  and  u  and  vi,  V2  are  weight  functions  on  (0,oo)  and 
M”,  respectively.  Obtained  results  are  new  when  =  1  or  =  oo,  i  =  1,  2,  or  0  <  g  <  1 
even  in  1-dimensional  case. 

Since  the  solution  of  the  first  inequality  can  be  obtained  from  the  characterization  of  the 
second  one  by  usual  change  of  variables  we  concentrate  our  attention  on  characterization 
of  the  latter.  The  characterization  of  this  inequality  is  easily  obtained  for  pi  <  q  using 
the  characterizations  of  multidimensional  weighted  Hardy-type  inequalities  while  in  the 
case  q  <  Pi  the  problem  is  reduced  to  the  solution  of  multidimensional  weighted  iterated 
Hardy-type  inequality. 

To  achieve  our  goal,  we  characterize  the  validity  of  multidimensional  weighted  iterated 
Hardy-type  inequality 

q,/j.,(0,oo) 

where  0  <  p,  q  <  oo,  1  <  9  <  oo,  u  G  >^(0,00),  v  G  yV’(IR”)  and  p  is  a  non-negative 
Borel  measure  on  (0,  oo).  We  are  able  to  obtain  the  characterization  under  the  additional 
condition  that  the  measure  p  is  non-degenerate  with  respect  to 
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1.  Introduction 


The  aim  of  this  paper  is  to  study  the  boundedness  of  n-dimensional  bilin¬ 
ear  Hardy  operators  H2  '■  LP^{wi)  x  LP^{w2)  — ^  L‘i{u)  and  x 

LP‘^{w2)  — ^  defined  for  all  /i,  /2  G  by 

H2{fi,f2){t):=[  fi{x)dx-f  f2{x)dx,  t  >  0, 


and 


(ii'”)*(/i,/2)(t)  :  =  /  fi{x)dx-[  f2{x)dx,  t>0 
J^B{0,t)  J^B(0,t) 


B{0,t) 


that  is,  to  investigate  the  validity  of  n-dimensional  bilinear  Hardy  inequalities 


^  C  ||/||pi,-i;i,R"  ||5'IIp2,«2,]R")  f:  9  ^ 

q,u,{0,oo) 


^  C  ||/||pi,-i;i,R"  \\9\\p2,V2,R"^  fi  9  ^ 

g,w,(0,c>o) 


(1) 


(2) 


The  motivation  for  the  investigation  of  n-dimensional  m-linear  Hardy  ineqal- 
ities  can  be  explained,  for  instance,  by  the  paper  [19],  where  a  weight  theory  has 
been  developed  for  a  new  multi(sub)linear  maximal  function 


,fm)ix)  ■■=supY[-^  f  \fi{yi)\dyi,  x  G  M’", 


where  the  supremum  is  taken  over  all  cubes  in  M""  containing  x  with  sides  parallel 
to  the  coordinate  axes,  introduced  in  order  to  control  the  multilinear  Calderon- 
Zygmund  operators.  Recall  that,  this  operator  is  strictly  smaller  that  the  m-fold 
product  of  M,  that  is,  the  operator  02=1  where  M  is  the  Hardy-Littlewood 
maximal  operator.  Drawing  paralells  between  linear  and  m-linear  theories,  in  our 
opinion,  it  will  be  useful  to  have  a  characterization  of  weight  functions  for  which 
n-dimensional  m-linear  Hardy  operator 


fi{x)dx---  [ 


fm{  x)  dx,  t  >  0 


B(0,t) 


B{0,t) 
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is  bounded  from  L'P^{wi)  x  •  •  •  x  L'P'^{wm)  into  U’{u),  that  is,  the  inequality 


•  •  •  )  fm)\\LP{u)  <  C*!! /l  II LM  (t«i)  '  '  '  II /m  ||  LPm  (^„„) 

holds. 

In  one-dimensional  case,  the  bilinear  Hardy  operator  H2  =  acting  on 
9J1'''(0, 00)  X  91T'''(0,  00),  is  defined  by 

H2{f,g){x)  =  [  f{t)dt  ■ 

Jo 

As  far  as  we  know,  the  boundedness  of  H2  :  9Jl“'“(0,oo)  x  91T'''(0,oo)  — )■  L'^iu), 
that  is,  the  bilinear  Hardy  inequality 


g{t)  dt. 


/  roo  \  1/pi  /  ^00  \  1/P2 

~^\Jo  \Jq  ^^"^7  ’  f,  g  (3) 

has  not  been  considered  previously  in  the  literature,  apart  from  [4]  and  [16] ,  where 
general  bilinear  operators  were  considered  and  their  boundedness  was  character¬ 
ized  in  the  case  1/q  >  l/pi  +  l/p2,  by  means  of  a  Schur-type  criterion.  The 
boundedness  of  H2  :  x  U’'^(v2)  — ?•  L‘^{u)  was  characterized  recently  in  [1] 

via  the  discretization  method,  and  in  [17,  2,  24]  using  the  iteration  method.  The 
range  of  exponents  in  all  papers  was  1  <  pi,  p2,  q  <  00. 

As  in  1-dimensional  case  (cf.  [17]),  the  characterization  of  n-dimensional 
bilinear  Hardy  inequalities  can  be  easily  obtained  using  the  characterizations  of 
multidimensional  weighted  Hardy- type  inequalites,  whenpi  <  q  (see  Theorems  3, 
5  and  6).  In  the  most  difficult  case  where  q  <  pi,  interchanging  the  suprema  and 
applying  the  multidimensional  weighted  Hardy- type  inequalities,  by  integrating 
by  parts,  we  get  that  inequality  (2)  is  equivalent  to  the  inequality 


-l/pi  ri 

p[,^B{0,x) 


1/ri 


< 


<C’ll<7llp2,n2,M",  gem+{R^) 
with  1/ri  =  Ijq  —  1/pi  (see  Theorem  4). 

In  this  paper  we  characterize  the  validity  of  the  multidimensional  weighted 
iterated  Hardy-type  inequality 


^B{0,s) 


h{z)dz 


p,u,{0,t) 


<  c||/r||e,,,M«,  hGiOT+(M'^), 


(4) 


q,p,{0,oo) 
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where  0<p,  g<oo,  l<6*<oo,  uG  ^(OjOo),  v  G  and  ;U  is  a 

non-negative  Borel  measure  on  (0,oo)  (see  Theorem  2).  We  are  able  to  obtain 
the  characterization  under  the  additional  condition  that  the  measure  fi  is  non¬ 
degenerate  with  respect  to  that  is,  conditions  (14)  are  satisfied. 

In  1-dimensional  case  there  exist  different  solutions  of  iterated  Hardy-type 
inequalities 


roo 

/  /i(r)  dr 

Jt 

p, 11,(0,-) 

<  C*  ll^lle,D,(o,oo),  ^  e  95T+(0,oo),  (5) 


q,w,{0,oo) 


where  0  <  p,  q  <  oo,  1  <  6*  <  oo  and  u,w,v  G  ^(O,  oo). 

Note  that  the  inequality  (5)  have  been  considered  in  the  case  p  =  1  in  [6]  (see 
also  [7]),  where  the  result  was  presented  without  proof,  in  the  case  p  =  oo  in  [13] 
and  in  the  case  0  =  1  in  [8]  and  [25] ,  where  the  special  type  of  weight  function  v 
was  considered.  Recall  that  the  inequality  has  been  completely  characterized  in 
[9]  and  [10]  in  the  case  0  <  p  <  oo,  0  <  q  <  oo,  1  <  0  <  oo  by  using  discretization 
and  anti-discretization  methods.  Another  approach  to  get  the  characterization 
of  inequalities  (5)  was  presented  in  [23].  But  these  characterizations  involve  aux¬ 
iliary  functions,  which  make  conditions  more  complicated.  The  characterization 
of  the  inequality  can  be  reduced  to  the  characterization  of  the  weighted  Hardy 
inequality  on  the  cones  of  non-increasing  functions  (see,  [11,  12]).  Different  ap¬ 
proach  to  solve  iterated  Hardy- type  inequalities  has  been  given  in  [20].  In  order 
to  characterize  inequality  (4)  we  will  use  the  technique  of  [9]  and  [10]. 

It  should  be  noted  that  none  of  the  above  would  ever  have  existed  if  it  wasn’t 
for  the  (now  classical)  well-known  characterizations  of  weights  for  which  the 
Hardy  inequality  holds.  This  subject,  which  is,  incidentally,  exactly  one  hundred 
years  old,  is  absolutely  indispensable  in  this  area  of  mathematics  (cf.  [22,  18]). 
In  our  proof  below  multidimensional  analogues  of  such  results  from  [3,  5,  21]  will 
be  heavily  used. 

The  paper  is  organized  as  follows.  We  start  with  some  notations  and  pre¬ 
liminaries  in  Section  2.  The  discretization  and  anti-discretization  methods  for 
solution  of  inequalities  (4)  are  given  in  Sections  3  and  4,  respectively.  Finally, 
the  solutions  of  multidimensional  bilinear  Hardy  inequalities  are  presented  in 
Section  5. 


2.  Notations  and  Preliminaries 

Throughout  the  paper,  we  denote  by  c  or  C  a  positive  constant,  which  is 
independent  of  main  parameters,  but  may  vary  from  line  to  line.  However  a 
constant  with  subscript  such  as  ci  does  not  change  in  different  occurrences.  By 
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^  b  {b  >  a)  we  mean  that  a  <  Xb,  where  A  >  0  depends  only  on  inessential 
parameters.  If  a  <  6  and  6  <  a,  we  write  a  ^  b  and  say  that  a  and  b  are 
equivalent.  Throughout  the  paper  we  use  the  abbreviation  LHS(*)  (RHS(*))  for 
the  left  (right)  hand  side  of  the  relation  (*).  By  XQ  we  denote  the  characteristic 
function  of  a  set  Q.  Unless  a  special  remark  is  made,  the  differential  element  dx 
is  omitted  when  the  integrals  under  consideration  are  the  Lebesgue  integrals. 

For  X  G  and  r  >  0,  let  B{x,  r)  :=  {y  G  :  \x  —  y\  <  r}  be  the  open  ball 
centered  at  x  of  radius  r  and  ’'B{x,r)  :=  W^\B{x,r).  We  define  S'[a,  6)  :=  {x  G 
M""  :  a  <  |x|  <  6}  =  ^B{0,  a)\ ^B{0,  b),  where  0  <  a  <  b  <  oo. 

Let  ^  be  a  non-negative  measure  on  yl  C  M”",  n  >  1.  By  9Jl(yl,//)  we  denote 
the  set  of  all  //-measurable  functions  on  A.  The  symbol  stands  for  the 

collection  of  all  /  G  Wl{A,  y)  which  are  non-negative  on  A.  The  family  of  all 
weight  functions  (also  called  just  weights)  on  A,  that  is,  non-negative  functions 
locally  integrable  with  respect  to  measure  y  on  A,  is  given  by  W{A,y).  If  the 
measure  y  is  the  Lebesgue  measure  on  A,  then  we  omit  the  symbol  y  in  the 
notation. 

For  p  G  (0,oo]  and  w  G  Tl~^{A,y),  we  define  the  functional  ||  •  \\p^w,A,iJ,  on 
^{A,y)  by 


p,w,A,fi 


(/a  p  <  oo, 

// —  ess  sup^  |/(x)|r(;(x)  if  p  =  oo. 


If,  in  addition,  w  G  W{A,y),  then  the  weighted  Lebesgue  space  LP{w,A,y) 
is  given  by 

BP{w,A,y)  =  {/  G  m{A,y)  :  \\f\\p,w,A,P^  < 

and  it  is  equipped  with  the  quasi-norm  ||  •  \\p^w,A,fM- 

When  rc  =  I  on  yl,  we  write  simply  L'^{A)  and  ||  •  \\p^A  instead  of  L'P{w,A) 
and  II  •  ||p,i«,A)  respectively. 

For  u  G  W’(0,oo),  v  G  W’(M’^)  and  I  <  0  <  oo,  we  denote 


U{t)  :  = 


u{s)ds, 


Veit)  := 


v-Vs 


l0'As(o,L’ 

lAS(0,i)’ 


when  9  <  oo, 
when  9  =  oo, 


t  G  (0,  oo). 


and  assume  that  Uit)  >  0,  t  G  (0,  oo). 

We  adopt  the  following  usual  conventions. 


Convention  1.  (i)  Throughout  the  paper  we  put  O-oo  =  0,  oo/oo  =  0  and 

0/0  =  0. 

(ii)  If  9  G  [I,  +oo],  we  define  9'  by  1/9  +  1/9'  =  1. 

(hi)  If  I  =  (a,  6)  C  M  and  g  is  a  monotone  function  on  I,  then  by  gia)  and 
gib)  we  mean  the  limits  \lmx^a+ 9ix)  and  \\m.x^b- dix) ,  respectively. 
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Let  us  now  recall  some  definitions  and  basic  facts  concerning  discretization 
and  anti-discretization  which  can  be  found  in  [14],  [15]  and  [8]. 

Definition  1.  Let  {a^}  be  a  sequence  of  positive  real  numbers.  We  say  that  {a^} 
is  geometrically  increasing  or  geometrically  decreasing  and  write  Ok  tt  or  Ok  ii 
when 

■  f  Ofc-l-l  I  Qfc+i  I 

inf  -  >  1  or  sup -  <  1, 

fcez  Ok  kez  Ok 

respectively. 

Definition  2.  Let  u  be  a  continuous  strictly  increasing  function  on  [0,  oo)  such 
that  tt(0)  =  0  and  lim  u(t)  =  oo.  Then  we  say  that  u  is  admissible. 

t^OO 

Definition  3.  Let  u  he  an  admissible  function.  A  function  h  is  called  u-quasicon- 
cave  ifh  is  equivalent  to  a  non- decreasing  function  on  (0,  oo)  and  h/u  is  equivalent 
to  a  non-increasing  function  on  (0,oo). 

Definition  4.  A  u-quasiconcave  function  h  is  called  non-degenerate  if 

1  hit)  uif) 

hm  hit)  =  hm  —  =  hm  =  hm  —  =  0. 
t — ^0-|-  t — ¥00  liyt'j  i — ¥oo  Uytj  t — ^0-|-  flytj 

The  family  of  non- degenerate  u-quasiconcave  functions  will  be  denoted  by  Liu- 


In  view  of  [14,  Lemma  2.7],  we  give  the  definition  of  discretizing  sequence  as 
follows: 

Let  u  be  an  admissible  function  and  h  G  Let  a  >  4.  A  sequence  {x^} 
defined  by  xq  =  1  and 


Xfe+i  :=  inf 


min 


Xk-i  :=  inf 


min 


h{t)  h{xk)u{f) 
h{xk)’  u{xk)h{t) 
h{xk)  h{t)u{xk) 
h{t)  ’  u{t)h{xk) 


when  A:  >  0; 
when  A:  <  0, 


is  called  a  discretizing  sequence  for  h  with  respect  to  u. 
Let  Zi ,  Z2  be  defined  by 


Zi  :=  {  A:  G  Z;  a/i(xfc)  = /i(xfc+i)  },  Z2  :=  Z  \  Zi.  (6) 


Then 

(i)  u{xk)  tt; 

(ii)  h{xk)  tt  and  tt; 

(hi)  Z  =  Zi  U  Z2,  Zi  n  Z2  =  0  and  for  every  t  G  [x^,  x^+i] 

h{xk)  ~  h{t)  if  A:  G  Zi, 

hjxk)  _ 

u(Xfc)  u{t) 


if  A:GZ2. 
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Definition  5.  [I4,  Definition  2.9]  Let  u  be  an  admissible  function  and  let  jj,  be 
a  non-negative  Borel  measure  on  [0, 00).  We  say  that  the  function  h  defined  as 


h{x) 


u[x] 


diJ,{t) 


/[0,oo)  u{t)  +  u{x) 


X  G  (0,  00), 


is  the  fundamental  function  of  the  measure  fi  with  respect  to  u.  We  will  also  say 
that  fj,  is  a  representation  measure  of  h  with  respect  to  u. 

We  say  that  /a  is  non- degenerate  with  respect  to  u  if  the  following  conditions 
are  satisfied: 


ho. 


dp.{t) 

U(t)  +  U(X) 


<  00, 


xG(0,oo),  f 


Let  u  be  an  admissible  function  and  let  ^  be  a  non-negative  Borel  measure 
on  [0,oo).  Assume  that  p.  is  non-degenerate  with  respect  to  u.  Let  h  be  the 
fundamental  function  of  jj,  with  respect  to  u.  Then  h  £  Liu  (see  [14,  Remark 
2.10]). 

We  recall  some  known  results  from  [14].  Our  formulations  of  the  following 
statements,  which  are  more  convenient  for  our  future  applications,  are  not  exactly 
the  same  as  in  the  mentioned  paper.  But  by  following  the  proofs  of  these  theorems 
in  [14],  it  is  not  difficult  to  see  that  such  formulations  are  also  true. 


Theorem  1.  [I4,  Theorem  2.11]  Let  p,q,r  £  (0,oo).  Let  u  be  an  admissible 
function.  Let  p,  be  a  non-negative  Borel  measure  on  [0,  00)  non-degenerate  with 
respect  to  ,  and  let  h  be  the  fundamental  function  of  fi  with  respect  to  u‘^.  Let 
a  be  uP -quasiconcave.  Let  {xk}k£Z  be  a  discretizing  sequence  for  h  with  respect 
to  u'^.  Then 


hitf/^-^ 

a(ty/p 


dp.{t)  PS 

kez 


KxkY/^ 

a{xkY/P 


Corollary  1.  [I4,  Corollary  2.13]  Let  q  £  (0,oo),  letu  be  an  admissible  function, 
let  f  be  u-quasiconcave,  let  jj,  be  a  non-negative  Borel  measure  on  [0, 00)  non¬ 
degenerate  with  respect  tot  and  let  h  be  the  fundamental  function  of  jj,  with 
respect  to  u‘^.  Let  {xk}  be  a  discretizing  sequence  for  h  with  respect  to  .  Then 


Lemma  1.  ]14,  Lemma  3.5]  Let  p,q,r  £  (0,oo).  Let  u  be  an  admissible  func¬ 
tion.  Let  h  £  Llu<i  and  g  be  uP -quasiconcave  function  on  (0,oo).  Let  {xk}  be  a 
discretizing  sequence  of  h  with  respect  to  u‘^.  Then 
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If  g  G  (0,+oo]  and  =  {wfcjfcez  is  a  sequence  of  positive  numbers,  we 

denote  by  Z)  the  following  discrete  analogue  of  a  weighted  Lebesgue 

space:  if  0  <  g  <  +oo,  then 


£'?({u;fc},Z)  =  <1  {ak}kei  ■  \\ak\\ei({w^,},z)  ■=  (  \akWk\'^  |  <  +oo 

[  Vfcez  / 

^°°{{wk},^)  =  \  {flfclfcez  :  ||afc||f“({«;fe},z)  :=  supla^rcfcl  <  +oo  \  . 

I  fcez  J 


If  rcfc  =  1  for  all  A:  G  Z,  we  write  simply  £'?(Z)  instead  of  Z). 

We  quote  some  known  results  (see,  for  instance,  [14,  Lemma  3.1  and  3.2]). 

Lemma  2.  Let  q  G  (0,+oo].  If  {Tk}k&z  is  a  geometrically  decreasing  sequence, 
then 

Tk  'y  ^  Oim 

m<k 

and 

Tk  sup  am 

m<k 

for  all  non-negative  sequences  {ak}k&z- 

Let  {ufclfcgz  a  geometrically  increasing  sequence.  Then 


|zfcafc||f5(z) 


r'jcz'i 


(Tk  Y. 


and 


m>k 


ak  sup  am 

m>k 


ei{z) 


e^iz) 


Wkak\\e‘i{z) 


{(ZkakWeiiz) 


for  all  non-negative  sequences  {ak}k&z- 


Given  two  (quasi-)Banach  spaces  X  and  Y ,  we  write  X  ^  Y  X  C  Y  and 
if  the  natural  embedding  of  X  in  y  is  continuous. 

The  following  statement  is  a  discrete  version  of  the  classical  Landau  resonance 
theorem.  Proof  can  be  found,  for  example,  in  [14]. 
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Proposition  1.  ([14,  Proposition  4.1])  Let  0  <  9,  q  <  +oo  and  let  {vk}k&z  CLnd 
{wk}k&  be  two  sequences  of  positive  numbers.  Assume  that 

fi{vk},Z)^iii{wk},Z).  (7) 


Then 


}ILp(z)  — 

where  1/ p  :=  {1/q  —  1/^)+  ^  and  C  stands  for  the  norm  of  embedding  (7). 

We  shall  use  the  following  inequality,  which  is  a  simple  consequence  of  the 
discrete  Holder  inequality; 


W {O'kbk} h‘i{z)  <  \\{(^k}\\ep{z)\\{bk}\\ee{z)- 


(8) 


Finally,  we  recall  the  following  ”an  integration  by  parts”  formula. 

Proposition  2.  Let  g  be  a  non-negative  function  on  (0,  oo)  such  that  0  <  g(t)  dt 
<  oo,  X  >  0.  Assume  that  f  is  a  non-negative  non-increasing  right- continuous 
function  on  (0,oo)  such  that  lima;^oo  f{x)  =  0.  Let  a  >  0.  Then 


a 

g{x)f{x)  dx  <  oo 


d[-f{x)]  <  oo. 


Moreover, 


oo  /  pa;  \  oi 


/O  V  JO 


)oL  r  /  \ 

g{x)f{x)dxoi  /  (  a)  d[-f{x)]. 

4(0, oo)  \Jo  J 


3.  Discretization  of  Inequality  (4) 

In  this  section  we  discretize  the  inequality 

q/p  \  ^I'i 

III  h(  yifl'y  1  1 

^  (0,oo)  V  bJ (t) 


^  L  (/b(0  )  u{y)dy^  j  <  c 


.  (9) 


At  first  we  do  the  following  remarks. 


Wor  any  a  £  R  we  denote  a+  =  a  when  a  >  0  and  a+  =  0  when  a  <  0. 
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Remark  1.  Recall  that,  if  F  is  a  non-negative  non-increasing  function  on  (0,  oo), 
then 

ess  sup  F{t)G{t)  =  esssupF(t)  esssupG(r);  (10) 

tS(0,oo)  tS(0,oo)  TS(0,t) 

likewise,  when  F  is  a  non-negative  non- decreasing  function  on  (0,oo),  then 

ess  sup  F{t)G{t)  =  ess  sup  F{t)  ess  sup  G{t)  (11) 

tG(0,oo)  tG(0,oo)  rG(i,oo) 

(see,  for  instance,  [15,  p.  85]). 

Given  a  non-negative  non- decreasing  function  b  on  (0,oo),  denote 

+)(«)  (*>«.*>»)■ 

Observe  that 

R  is  easy  to  see  that  B{x,t)  is  a  b- quasiconcave  function  of  x  for  any  fixed  t  >  0. 
R  has  been  shown  in  [15,  p.  85]  that  the  relation 

ess  sup  S(x,  t)g{t)  ss  ess  sup  g{t)  min 

t£(0,oo)  tS(0,oo) 

sir) 

=  ess  sup  b[t)  ess  sup 

t£{o,x)  Ts(t,oo)  ^{r) 

=  bix)  esssup esssup  gir)  (12) 

t£{x,oo)  ^iO  r£(0,t) 

holds  for  any  g  £  971''“(0,  oo).  Consequently,  esssup^^^Q^^'^Bix,t)g{t)  is  a  b- 
quasiconcave  function. 


Lemma  3.  Let  0  <  p,  q  <  oo  and  let  u  G  W(0,  oo),  v  £  W(M'^).  Assume  that  u  is 
such  that  U  is  admissible.  Suppose  that  non-negative  Borel  measure  p.  on  (0,  oo) 
is  non-degenerate  with  respect  to  Let  {xk}  be  any  discretizing  sequence  for 

the  fundamental  function  p  of  p  with  respect  to  Then 


LHS  (9) 


P,U,Ik 


Uixk)^/P 
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Proof.  Let  0  <  p,  q  <  oo.  Suppose  that  U  is  admissible  on  (0,  oo).  Assume 
that  p  is  a  non-negative  Borel  measure  on  (0,  oo)  and  (p  is  the  fundamental 
function  of  p  with  respect  to  [7'?/^,  that  is, 

pix)  :=  j  U{x,ty^^dp{t)  for  all  x  G  (0,  oo),  (13) 

J  (0,oo) 


where 


U{x,t)  := 


U{x) 


u{t)  +  u{xy 

Assume  that  the  measure  p  is  non-degenerate  with  respect  to 
f  dpit) 

f  f  dM*)=oo. 

7(0,1]  uyy/p  7(1, oo) 


(14) 


Then  cp  G  ^(jq/p,  and  there  exists  a  discretizing  sequence  for  p  with  respect  to 
Let  {xfc}  be  one  such  sequence.  Then  <p{xk)  tt  and  <p{xk)U~‘^^P{xk)  ii- 
Furthermore,  there  is  a  decomposition  Z  =  Z1UZ2,  ZinZ2  =  0  such  that  for  every 
k  Ghi  and  t  G  [xfc,Xfc+i],  ip{xk)  ~  pit)  and  for  every  A:  G  Z2  and  t  G  [xk,Xk+i], 
(p{xk)U{xk)~'^^^  ~  ip{t)U{t)~'^^^. 

Applying  Corollary  1  to  the  [/-quasiconcave  function 


h{z)dz 


p 

u{y)dy, 


we  get 

LHS  (9) 

Using  Lemma  2 
LHS  (9)  ? 


h{z)dz 


p,u,{0,Xk) 


pixky^‘^ 

uixkY/p 


ei(z) 


'S[y,oo) 


h{z)dz 


p,u,P 


pjxkY^'^ 

U{xky/P 


/  h{z)dz  +  /  h{z)dz 

'S[y,Xk)  Js[xk,oo) 


e<i{z) 


P,u,h 


pjxkY^'^ 

u{xkY/p 
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'  S[y,Xk) 


h{z)dz 


P,u,h 


UixkV/p 


e‘i{z) 


+ 


I  S'[a;fc,oo) 


h{z)dz 


UixkV/P 


IP,«,4  J  ||£9(Z) 

where  Ik  ■=  [xk-i,Xk),  k  £  h.  Since  ||l||p^7  ~  U{xk),  we  obtain 


LHS  (9) 


'S[y,Xk) 


h{z)dz 


p,u,h 


+ 


I’{Xk)^^'‘ 


U{xk)^/P 


h{z)dz 


IS[xk,oo) 

By  using  Lemma  2  on  the  second  term,  we  arrive  at 


e^iz) 


ei{z) 


LHS  (9) 


+ 


I  h(z)dz 

Sly,Xk) 

{ipixk)^/^^  ^ 


p,u,h 


uixkY/p 


'S[xk,x^.+i) 


h{z)dz 


ei{z) 


ei{z) 


Lemma  4.  Let  0  <  p,q  <  oo,  1  <  6  <  oo,  Ijp  =  {1/q  —  1/6*)+,  and  let  u  G 
W(0,  oo)  and  v  £  yV’(M"')  be  such  that  U  is  admissible  and  Vg{t)  <  oo,  t  £  (0,  oo) 
with  limt_^oo  Veit)  =  0.  Suppose  that  non-negative  Borel  measure  p  on  (0,  oo)  is 
non- degenerate  with  respect  to  U^Ip  .  Let  {x^}  be  any  discretizing  sequence  for  the 
fundamental  function  p  of  the  measure  p  with  respect  to  IL^^P.  Then  inequality 
(9)  holds  for  every  h  £  911+ (M"")  if  and  only  if 


where 


A  := 


1  Xfc+1 )  ^ 


tP{Z) 


iP{Z) 


<  CO, 


(15) 


B(xk-\,Xk) 


/s[t,xfc)  Hz)dz 


sup 

h£d]l+iS[xk-i,Xk)) 


p,U,[Xk-l,X^.) 


9,v,S[xk-i,Xk) 


(16) 
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C[Xk,Xk+i)-=  sup  ly— - 

h&dn+{S[xk,Xk+i))  \\^\\9,v,S[x^.,x^.+i) 


Moreover,  the  best  eonstant  in  inequality  (9)  satisfies  A. 

Proof.  Sufficiency.  In  view  of  (16)  and  inequality  (8),  we  have 


PPM 


<  <  B{xk-i,Xk) 


p{xkY/‘^ 

UixkfilP 


=  K  B{xk-i,Xk) 


£P(Z) 


e,D,S[xfe_i,Xfe)}||£eygy 


[/(Xkfi/P 


By  (17)  and  (8),  we  get 


Pixk)^^'^  /  h{z)dz 


<|^(^(x/j)  ^^CiyXk,  Xk+l)  II  ^||(?,D,5[xfe,a;fc+i)  J" 

<  |v9(Xfc)^/‘'C'(Xfc,Xfc+l)}  ^  ll^lle 


By  Lemma  3,  using  (18)  and  (19),  we  obtain 


LHS  (9) 


+  {ip{xk)^^‘^C{xk, 


pjxk)^^'' 

U{xkfi/P 


B{xk-i,Xk) 


Consequently,  (9)  holds  provided  that  A  <  oo  and  c  <  A. 
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Necessity.  Assume  that  the  inequality  (9)  holds  with  c  <  oo.  By  (16),  there 
are  hk  G  k  £  h,  such  that  supp/i^  C  S[xk-i,Xk), 


d,v,S[xk_i,Xk)  1) 


'S[y,Xk) 


hk{z)dz 


P,U,Ik 


>  Xfc)  for  all /c  G  Z.  (20) 


Dehne 


h  —  ^Tfik^Ti 


(21) 


where  {ak}k£Z  is  any  sequence  of  positive  numbers.  Then,  by  Lemma  3,  we  have 


LHS  (9) 


I  ^  ^  Ojmhr, 

'S[y,xk) 


p,u,h 


u{xkY/p 


ei{z) 


> 

rN_/ 


(l^i?(x/j_i,  X/j) 


u{xkY/p 


11  {Z) 


Moreover, 


RHS  (9)  =  c 
By  (9),  (22)  and  (23),  we  obtain 


^  ^  (^mhm 
m£Z 


—  C  l|{«fe}||£0(Z) 


Q,^R(Xfc_l,  X/j) 


V9(Xfc)^/^ 


uixkY/p 

Then,  by  Proposition  1  we  arrive  at 

I  f  ifixkY^'^ 


< 


l|{«fc}||£0(z) 


ei{z) 


[uixkY/t 


B{xk-i,Xk) 


< 


iP(Z) 


(22) 


(23) 


(24) 


(25) 


On  the  other  hand,  by  (17),  there  are  Yk  £  91T’''(M"'),  k  £  Z,  such  that 
suppV'fc  C  S[xk,Xk+i), 


e,v,sixk,xk+i)  =  1  and  \\i’k\\i,s[xk,xk+i)  >  -C{xk,Xk+i)  for  all  k  £  Z.  (26) 
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Define 


h  —  'y  ^  bm'fpmj 


where  {bk}k£Z  is  any  sequence  of  positive  numbers.  Then,  by  Lemma  3,  we  have 


LHS(9)> 

I  •l>S[xfe,Xfc+i) 


We  also  have 


Consequently 


?  ^/c+1 )  ^  I 


RHS  (9)  =  c  —  C  l|{^fc}||£e(z)  • 


|6fc(^(xfc)^/'?C'(xfc,Xfc+i)}  ^  <  c||{6fc}||^0(z)  • 


Then,  applying  Proposition  1,  we  get 


|v9(Xfc)^/^C'(Xfc,Xfc+l)| 


Combining  (25)  and  (28),  we  arrive  at  yl  <  c.  ◄ 


Remark  2.  Let  1  <  9  <  oo.  Note  that 


C{xk,Xk+i)  = 


1L',5[x„x,+P>  when6<oo, 
li,S[x„x,+0>  when  9  =  00, 


If  9  <  CO,  then,  in  view  of  Lemma  2,  it  is  evident  that 


|(/7(xfc)^/‘?C'(xfc,Xfc+i)}  ^  =  {fp{xk)^^' 


9|L,-V0| 


/c  G  Z.  (29) 


9|L,-V0| 


\9',S[xk, 


Monotonicity  of  v  q,  implies  that 


[(p{xk)^^^\  lim  llx  or,  V 
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Since  is  geometrically  increasing,  we  obtain 


l0^S'[aiA;,Oo)  ^ 


I  >  lim  llw 


0^,S'[i,oo)  * 


This  inequality  shows  that  linit^oo  ll^~^'^^ll0',S[t,oo)  ^nust  be  equal  to  0,  because 
(p{oo)  is  always  equal  to  oo  by  our  assumptions  on  the  function  (p. 

Similarly,  limi^.oo  ||'f^~^||i,5[t,oo)  must  be  equal  to  0,  when  6  =  oo. 

Therefore,  throughout  the  paper  we  consider  weight  functions  v  such  that 
limt^oo  Ve(t)  =  0. 

Note  also  that  the  condition  Vg{t)  <  oo,  t  G  (0,  oo)  implies  limi_^oo  Veit)  =  0, 
when  1  <  6  <  CO. 


4.  Anti-discretization  of  conditions 


In  this  section  we  anti-discretize  the  conditions  obtained  in  Lemma  4. 


Lemma  5.  Let  0  <  p,  q  <  oo,  1  <  9  <  oo,  Ij p  =  {l/q  —  1/0)_|_  and  let  u  G 
W(0,  oo)  and  v  G  yV’(M"')  be  such  that  U  is  admissible  and  Vg{t)  <  oo,  t  G  (0,  oo) 
with  limj^oo  Veit)  =  0.  Suppose  that  non-negative  Borel  measure  p  on  (0,  oo)  is 
non- degenerate  with  respect  to  Let  {x^}  be  any  discretizing  sequence  for 

the  fundamental  function  (p  of  the  measure  p  with  respect  to  . 

(a)  If  6  <  p,  then  A  ps  A* ,  where 


yl*  := 


sup 

tS(0,oo) 


U{t,Xkf/^Ve{t) 


ep{z) 


(b)  If  p  <  9  and  1/r  =  1/p  —  1/9,  then 


A 


B*, 


where 


B*  :  = 


U{t,XkpPd{-Ve{t-) 


l/r 


IP{Z) 


Ve{t-)  :=  lim  Veir). 


Here 
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Proof,  (a)  By  [21,  Theorem  2.2,  (a)  and  (f)],  from  Lemma  4  we  have 


A: 


} 


ep(z) 


'?IL,-Ve| 


ld',Slxk,Xf.+i)  ^ 


By  Lemma  2,  we  get 

I  f 


A  < 


+ 


ep(z) 


d',S[xk,Xk+i) 


tP(Z) 


I  pjxkV'^'^ 


+ 


f  V9(Xfc)^/^ 

\c/(xfc)Vp,,(oX) 


£P(Z) 


iP(Z) 


sup  U{f)^/p\\v 


'P|L,-V0| 


1 6',S[t,oo) 


£P(Z) 


+ 


sup  1 1 V 

tS[xj.,oo) 


-1/01 


lo'  ,S[t,oo) 


(p{xk)^^'‘(  sup  U{t,XkY^^\\v~^/'^\\g, 
Vtefo.oo) 


ep{z) 

S[t,oo) 


=  TL 


ep{z) 


We  now  prove  the  reverse  estimate.  We  have 


/  pjxkY^'^ 


supU{t)^Hv-^/^ 


+ 


< 


+ 


\u{xkV/pj: 

f  pjxkY^'^ 

\u{xky/p 

I  V9(Xfc)^/^ 

\fy(xkV/P 


d',S[t,oo) 


ep(z) 


£P(Z) 

\  1/p 


sup 

ts/fc  V  4xj._i 


u{s)dsj 


,-V0| 


t/(xfc_i)Vp 


0',5[xfe_i,oo) 


1 0',5[t,oo) 


iP{Z) 


£P(Z) 
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+ 


< 

rs_/ 


+ 

+ 


1/p 


< 


+ 


{^(^k)^^''\\v~"^'L,Slx„oo)} 

f  (pixkV^'^ 


oo) 


1/p 


-1/d 


-1/e 


e'  ,s[t,co) 


e',s[t,Xf,) 


£P(Z) 


+ 


\  JTj — ^  I  sup  I  /  u(s)<is 

^  \tGlk  \  Xk  —  1 


1/p 


£P(Z) 


-1/e 


e',s[t,Xf,) 


A. 


£P(Z) 


£P(Z) 


£P(Z) 


£P(Z) 


(b)  Assume  that  6  <  oo.  By  [21,  Theorem  2.2,  (b)  and  (g)],  and  (29),  from 
Lemma  4,  we  have 


A 


r/e 

uis)ds\ 


l‘S'[^fc5^fc  +  l) 


ep{z) 


Since 


it  is  easy  to  see  that 


/  i-t  \  r/9  \  lA 

yj  u{.s)dsj  u{t)dt\  ^U{xk)^^^, 


A 


u(xky/p 
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By  Lemma  2,  in  view  of  Remark  2,  we  have 


(lit; 


6\S[xk  ,oo) 


—  lim  V 


9'  ,S[Xm  —  ,Oo) 


\e',s[xi+i  —  ,CX)) 
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Using  the  latter  in  (30)  and  applying  Lemma  2,  we  arrive  at 


Consequently,  A  <  B* . 

Conversely,  by  Lemma  2,  in  view  of  Remark  2,  we  have 


B* 


U{xky/p 
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6',S[a;j.  — ,oo) 


Integrating  by  parts  yields 
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Now  assume  that  9  =  oo.  In  this  case  the  proof  can  be  done  in  the  same 
line  and  we  leave  it  to  the  reader.  The  only  difference  is  that  one  should  apply 
[21,  Theorem  2.2,  (e)]  and  take  into  account  that  C{xk,Xk+i)  = 

A:  G  Z.  ◄ 

We  are  now  in  a  position  to  characterize  inequality  (9). 

Theorem  2.  Let  0  <  p,  q  <  oo,  I  <  6  <  oo,  1/p  =  {l/q  —  l/6)_^  and  let 
u  G  VV’(0,oo)  and  v  G  yV’(M’^)  be  sueh  that  U  is  admissible  and  Vg{t)  <  oo, 
t  G  (0,oo)  with  limt^.oo  Ve{t)  =  0.  Suppose  that  non-negative  Borel  measure  p  on 
(0,oo)  is  non- degenerate  with  respect  to  Then  the  inequality  (9)  holds  for 

every  measurable  function  on  if  and  only  if 

(i)  9  <  min{p,  g}  and 

Ni  :=  sup  f  f  U{x,t)'^^^  dp{t)\  sup  U{t,x)^^^VQ{t)  <  oo. 

a;S(0,oo)  V  J (0,oo)  /  ts(0,oo) 


Moreover,  the  best  constant  in  (9)  satisfies  c  ^  Ni. 
(a)  q  <  9  <  p  and 


N2:=(  [  (  [  U{x,ty^P  dp{t)]  X 

yJ (0,oo)  V  J (0,oo)  / 

xf  sup  Ll(t,  x)^^^Vd(t)']  dp(x)\  <  oo. 

\te(0,oo)  /  J 


Moreover,  the  best  constant  in  (9)  satisfies  c  ^  N2. 


(Hi)  p  <  9  <  q,  r  =  9p/  {9  —  p)  and 


N3  :=  sup  (  f  U{x,ty^^  dp{t)\  X 
x£(0,oo)  V  J (0,oo)  / 

x(  [  u{t,xY/Pd{-V0{t-Y))  '  <00. 

V  J (0,oo)  / 


Moreover,  the  best  constant  in  (9)  satisfies  c  ^  N^. 
(iv)  max{p,  q}  <  9,  r  =  9p/ {9  —  p)  and 


N4  := 


(0,oo)  \  J  (0,oo) 


u{x,  ty^^  dp{t) 


Pie 


X 
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Moreover,  the  best  constant  in  (9)  satisfies  c  ^  N^. 


(v)  0  =  00  and 


:  = 


Moreover,  the  best  constant  in  (9)  satisfies  c  ^  N^. 

Proof. 

(i)  The  proof  follows  by  Lemma  4,  Lemma  5,  (a),  and  Lemma  1. 

(ii)  The  proof  follows  by  Lemma  4,  Lemma  5,  (a)  and  Theorem  1. 

(hi)  The  proof  follows  by  Lemma  4,  Lemma  5,  (b),  and  Lemma  1. 

(iv)  The  proof  follows  by  Lemma  4,  Lemma  5,  (b),  and  Theorem  1. 

(v)  The  proof  follows  by  Lemma  4,  Lemma  5,  (b),  and  Theorem  1.  ◄ 


5.  Characterization  of  n-dimensional  bilinear  Hardy  inequalities 

In  this  section  we  give  characterization  of  n-dimensional  bilinear  Hardy  in¬ 
equalities  (1)  and  (2). 

The  following  note  allows  us  to  concentrate  our  attention  only  on  characteri¬ 
zation  of  (2). 

Remark  3.  Note  that  the  inequality 


is  equivalent  to  the  inequality 
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<  c 


9 


1/P2 


(32) 


where 

u{t)  =  u(t~^)t~‘^,Vl{x)  =  Vl[\x\~‘^x)\x\~‘^'^^^~^^\v2{x)  =  V2{\x\~‘^  x)\x\~‘^'^^^~^'^\ 

Indeed:  Since  any  f  £  91T+(M"')  can  be  uniquely  represented  as  f{x)  = 
g{\x\~‘^x)\x\~‘^'^ ,  g  £  then  inequality  (31)  is  equivalent  to  the  follow¬ 

ing  inequality: 


/  /-oo  /  /■  r  \'^  \ 

(  /  (  /  f{\y\~‘^y)\y\~‘^'^ dy  /  g{\y\~‘^y)\y\~‘^"' dy\  u{t)dt\  < 

\Jo  \JB(0,t)  JB{0,t)  J  J 

<c(  [  {f{\y\-^y)rv^{y)\y\-^^P^dyY"\ 

V  JK"  / 

/  f  \  1/P2 

x(  /  {9{\y\~‘^y)Y''v2{y)\y\~‘^'"^^  dy\  .  (33) 

V  JK"  / 

Using  the  substitution  x  =  \y\~‘^y  in  multidimensional  integrals,  we  see  that 
(33)  is  equivalent  to  the  inequality 


^  f(x)dx  ■  f  g{x)dx\  u(t)d^  < 

lo  KJ’^Biop/t)  y^B(o,i/t)  J  J 


<c(  f  f{x)^^vi[\x\  ^x)|x|  ^^'^dx'\  X 

V  Jm."  j 

x(  [  g{x)^‘^V2{\x\~‘^x)\x\~‘^^'^^~^^^  dx'\ 

\  Jr"  j 


\  1/P2 


and  finally  applying  t  =  1/t,  we  conclude  that  the  latter  is  equivalent  to 

\  i/<? 


0  \J  ^s(o. 


f{x)dx-  /  g{x)dx]  u(t  ^)r  ^  dr  ] 

,t)  J^b(o,t)  j  j 

<c(  f  f{x)^^vi[\x\~‘^x)\x\~‘^"'^^~^^'^dx'\  X 

V  Jr"  j 

x(  f  g{x)^‘^V2{\x\~‘^x)\x\~‘^^'^^~^^^  dx'\ 

\  Jr"  j 


< 


\  1/P2 
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Now  we  present  and  prove  our  main  results. 


Theorem  3.  Let  0  <  (7  <  00,  1  <  pi,  p2  <  00,  pi  <  q,  and  let  u  G  ^(OjOo), 
ui,  U2  G  yV’(M”').  Then  inequality  (2)  holds  for  all  f,gG  if  and  only  if: 

(a)  I  <  P2  <  q  <  00,  and 


Bi  ;=  sup  U{tf/^ 

tS(0,oo) 


-1/Pi 

1  p'idB(0,t) 


-1/P2 

2  v'2fB(0,t) 


<  00. 


Moreover,  the  best  constant  C  in  (2)  satisfies  C  ^  Bi. 
(b)  1  <  p2  <  00,  0  <  O'  <  p2,  l/r2  =  l/q  -  l/p2,  and 


B2  ;=  sup 

tS(0,oo) 


-1/Pl  I 


u{y) 


r2/P2 


'a{y)\ 


-1/P2  ||r2 


B{0,y) 


dy 


l/r2 


<  00. 


Moreover,  the  best  constant  C  in  (2)  satisfies  C  ^  B2. 
(c)  p2  =  00,  and 


B3  :=  sup 

tS(0,oo) 


-1/pi 


p'lfBiO,t) 


<? 

lfB(0,y) 


1/g 


<  00. 


Moreover,  the  best  constant  C  in  (2)  satisfies  C  ^  B^. 
Proof.  Interchanging  the  suprema,  we  obtain 


sup 

/,seim+(R") 


g,ii,(0,c>o) 


=  sup 


\\P2,V2y 


sup 


/  •  /' 


S(0,-)  ^  J  S(0r)‘ 


g,w,(0,oo) 


5GSat+(R^)  \\9\\p2,v2;^'^  fem+{R^) 

By  [21,  Theorem  2.2,  (a)  and  (f)],  we  get 


(34) 


PlVl, 


sup 

/,<;eiOT+(IR") 


I  q,u,{0,oo) 

lpi,t>l,IR"  Il5llp2,'y2,lf 


sup 

c/ean+(M") 


Il5l 


P2,V2y 


■  sup 

tS(0,oo) 


^B(0,t) 


1  \  !/<? 
u{t)  dr  I 


,-i/pi 


lp'ide(0,i)' 
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(a)  Let  1  <  P2  <  9  <  CO-  Again,  interchanging  the  suprema,  by  [21,  Theorem 
2.2,  (a)  and  (f)],  on  using  (10),  we  get 


sup 

/,<;ean+(M") 


f^B(0,-)  f  ■  f' 


B(0,-)  J  J  B(0,-): 


q,u,(0,oo) 


||/||pi,t>i,M"  ll^l 


P2,V2, 


=  sup  ||Ui 

iS(0,oo) 


-l/Pl  I 


Ip',  dB(o,t)  , 

^  pean+(iR") 


tG(0,oo) 


yG(0,oo)  \  ^0 


/o“  (  ^B(0,r)  9^  mt)  dr^ 

||5|Ip2,«2,]R" 

/  \  1/q  _ 

X{o,t){T)u{T)  dr  j  11^2 


-1/P2| 


II  “1/P1|| 

=  sup  ||Ui  II  ,  ,  sup 

tS(0,oo)  ’  pS(0,t)  \J0 


1/9 


=  sup 


u  V. 


,,-l/P2| 


-1/P2| 


\p'2>"B(0,y) 


\p'2,"B{0,y) 


iS(0,oo) 


p'idB(0,t)lr2  llp^,^B(0,L‘ 


(b)  Let  1  <  P2  <  CO,  0  <  g  <  p2  and  l/r2  =  l/q  —  l/p2-  Interchanging  the 
suprema,  by  [21,  Theorem  2.2,  (b)  and  (g)],  we  obtain 


sup 

/,pean+(M") 


f^B(0,-)  f  ■  /' 


S(0,-) -1  -I  B(0,-)- 


q,u,{0,oo) 


pi,t>l,IR"  Il5llp2,'y2,lf 


II  ~1/Pl|| 

sup  ||Ui  II  ,  ,  sup 

ie(o,oo)  ^1’  pean+(iR") 


\  1/9 

/o“  (  fB(0,T)9)  Xio,tXXr)dTj 


Il5'llp2, 


V2,- 


i:u: 


~  sup  ||ui^/'’^||  ,  ^  )X 
te(0,oo)  ^  ' 

\r2/p2  _  \  l/»'2 

XioXXXdTj  X{0,t){y)u{y)\\v2  ^^\\ll^-B{0,y)dy] 


sup 

tS(0,oo) 


,-1/Pl  I 


\p[,"B{0,t) 


U[ 


\v. 


-1/P2|U2 


\  l/>’2 


lp^dB(0,p) 


dyj 
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(c)  Let  p2  =  oo.  Interchanging  the  suprema,  by  [21,  Theorem  2.2,  (e)],  we 
obtain 


sup 

/,5eim+(R-) 


II  “i/pi|| 

sup  Ijui  II  ,  .  sup 

te(o,oo)  gean+(M") 


(^fo  ^  f  ■  f^B(0,t)  9^ 

11511^2, 'y2,R" 


oo  \ 

/o“  (  fB(0,T)9)  X(0,t)(r)u(T)dTj 


II5|Ip2, 


«2,- 


sup 

tS(0,oo) 


-1/pl 


p[,^B(0,t) 


q 


l/<? 


◄ 


Theorem  4.  Let  1  <  pi,  P2  <  oo,  0  <  q  <  pi,  1/ri  =  1/q  —  l/pi-  Sup¬ 
pose  that  ui,  V2  G  >V(M"')  are  such  that  ||u^  ^  ^  (0,  oo)  with 

limt_5.oo  ||Uj  ||p',^_B(o,i)  =  0,  i  =  1,2.  Assume  that  u  G  yV’(0,oo)  is  such  that 
is  admissible  and  the  fundamental  function  of  the  measure 


dp{t)  =  uity^/'^d 


-  U 


-i/pinn/pi 


\p[fB{0,t) 


is  non- degenerate  with  respect  to  that  is,  ip  G  where 


ip{x)  =  / 
J(o 


U{x)U{t) 


(0,oo)  \U{x)  -\-  U{t) 


d 


-  V 


-1/pi  nr-i 


X  G  (0,  oo). 


Then  inequality  (2)  holds  for  all  f,gG  91T''“(M"')  if  and  only  if: 
(i)  P2  <  q,  and 


Ai  :=  sup 


'  U{x,tY^/^U{tY^/'id 

x£{0,oo)  \  J  (OjOo) 

X  sup  Uit,xY^'^\\vf^^^^\\  , 


-  V 


-Ijpi  ||ri 


tS(0,oo) 


1 


<  OO. 


Ipj,  B{0,x) 


1/ri 


Moreover,  the  best  constant  C  in  (2)  satisfies  C  ^  Ai. 
(ii)  q  <P2  <  ri,  l/r2  =  1/q  -  l/p2,  and 


A2  :=  sup 


xG(0,oo)  \  J  (0,oo) 


U{x,tY^/^U{tY^/H 


-  u 


-l/pi  nri 


1 


\p'^AB(0,t) 


1/ri 
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<  oo. 


Moreover,  the  best  eonstant  C  in  (2)  satisfies  C  ^  A2. 

(hi)  ri  <p2  <  00,  l/r2  =  l/q  -  l/p2,  1/^  =  l/'^i  -  l/p2,  and 

r 


(/-ri)/ri 


Moreover,  the  best  eonstant  C  in  (2)  satisfies  C  ^  A^. 
(iv)  p2  =  00,  and 


Aa  := 


\  ^(o,oo)  yj  (o,oo)  V 

r  , ,  1  \ 


Moreover,  the  best  eonstant  C  in  (2)  satisfies  C  A^. 

Proof.  Assume  that  1  <  pi,  p2  <  00,  0  <  q  <  pi  and  1/ri  =  l/q  —  l/pi.  By 
[21,  Theorem  2.2,  (b)  and  (g)],  (34)  yields 


sup 

/,seim+(R") 


(^fo  f 


=  sup 
ge‘OT+(R") 


/o“  (r  Ihi 


/r"  ^2 


where 


nt)--=(f  oY 

\J^B(0,t)  J 
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By  Proposition  2,  in  view  of  linij^oo  ||t^i  lip' ~  0,  we  have 

ri/pi  ^  _  \  l/ri 


Thus 


f-oo  /  fx  \  ri/pi  \ 

Jo  V  Jo  J 

r  /  \ri/q 

/  /  ^it)dt)  d 

J (O.oo)  \Jo  / 


-  T 


-1/pi  nr-i 


\p[,B{0,x) 


1/ri 


sup 

/,seim+(R") 


(^fo  I^B{0,t)  f  ■  /^B(0,t) 

\  1/Pl  /  \  1/P2 

l^fKngP^V2j 


\  1/9 


sup 

pean+(o,oo) 


n/g 

/(0,oo)  (  ^ 


-  T 


-l/pi  nn 


1 


lp'^5  B(0,x) 


l/ri 


Jr  j 


\  1/P2 


=  sup 

pe2Jl+(0,oo) 


/(O.oo) 


ri/(? 


-  T 


-1/pi  I  in 


lp'i,''S(0,a;) 


4n  gP^V2j 


\  1/P2 


1/ri 


(i)  The  statement  follows  by  Theorem  2,  (i). 

(ii)  The  statement  follows  by  Theorem  2,  (iii). 
(hi)  The  statement  follows  by  Theorem  2,  (iv). 
(iv)  The  statement  follows  by  Theorem  2,  (v).  ◄ 


In  the  limiting  case  when  pi  =  oo  we  obtain  the  following  statement. 

Theorem  5.  Let  1  <  p2  <  oo^  0  <  q  <  oo,  and  let  u  G  ^(O,  oo),  ui,  t;2  G  yV’(M"'). 
Then  inequality 


<  C 


00,111,11? 


Ibl 


(35) 


holds  for  all  f,g£  911^  (M”)  if  and  only  if: 
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(i)  P2  <  q,  and 

(/  dy^  <  oo- 

Moreover,  the  best  eonstant  C  in  (35)  satisfies  C  Di. 

(ii)  q  <  p2  <  oo,  l/r2  =  l/q  -  l/p2,  and 

Moreover,  the  best  constant  C  in  (35)  satisfies  C  ^  D2. 

(hi)  p2  =  00,  and 


D3  := 


■=(^l  ^(^)|hlMll,^B(0,i)ll^2ii, 


\  1/9 

■5(0, t)  ^ 


Moreover,  the  best  eonstant  C  in  (35)  satisfies  C  ^  D3. 
Proof.  By  [21,  Theorem  2.2,  (e)],  (34)  yields 


sup 

/,5eim+(R-) 


fo  {  f  ■  f^B(o,t)  9  )  a(t)  dt 


3,t>i,]R"'  111/11^2, 'y2, If 


1/9 


(  /o“  (  ^B(0,t)  9]  uit)\\v^  '  111^5(0, t) 

=  sup  - n - . 

5eim+(R")  1 1 1/11^2, 1)2  ,R" 

The  proof  follows  by  application  of  [21,  Theorem  2.2],  ◄ 

We  have  the  following  statement  when  q  =  00. 

Theorem  6.  Let  1  <  pi,  p2  <  00,  and  let  u  G  yV’(0, 00),  vi,  V2  G  yV’(M"').  Then 
inequality 


ess  sup 

tS(0,oo) 


^5(0, t) 


/• 


^B(0,t) 


g]u{t)  <  C 


PlVl, 


Ibl 


P2,V2, 


(36) 


holds  for  all  f,g£  911^  (M”)  if  and  only  if: 
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(a)  pi,  P2  <  oo,  and 


ilp',^B(0,t) 

Moreover,  the  best  eonstant  C  in  (36)  satisfies  C  ^  Ei. 

(b)  Pi  <  oo,  p2  =  oo,  and 


-Vp2  I 


<  oo. 


£"2  :=esssuptt(t)||t;]^  , 

tS(0,oo) 


pb ‘'-8(0,4)  11^2  lll,‘=B(0,t)  ^ 


Moreover,  the  best  eonstant  C  in  (36)  satisfies  C  os  E2. 
(c)  Pi  =  P2  =  00,  and 


£3  ;=esssuptt(t)||t;]^ 

4S(0,oo)  ’ 


Moreover,  the  best  eonstant  C  in  (36)  satisfies  C  os  E3. 

Proof,  (a)  and  (b):  Let  pi  <  00.  By  [21,  Theorem  2.2,  (c)  and  (h)],  (34) 
yields 


ess  s 


sup 

/,<;eiOT+(IR") 


’  SUPte(0,oo)  ^  f^B(0,t)  f  ■  f^B{0,t)  9^ 

||/||pi,t>i,lR"  ll5llp2,'y2,lK" 

- -  sup  (esssupf/  S' p(r)  )  ,  cg.Q  .. 

>2,^2,®"'  4S(0,oo)  V  rg(0,4)  \  J '^B{0,t)  )  )  1’  ’ 

Interchanging  the  suprema,  by  duality,  on  using  (10),  we  arrive  at 


sup  - 
5eQn+(R")  IIS'llp2, 


ess 


sup 

/,<;eiOT+(M») 


SUPtg(o,oo)  ^  f^B(0,t)  f  ■  f'^B(0,t)  S'^ 


Pi,tii,]R"  Ilsllp2,'y2, 


A 


II  -i/pi||  I  III  JP(0,t)9 

sup  s  esssuptt(r)  sup  -n— ^ - 

4e(0,oo)  ’  V  Te(0,t)  \ge9Jl+(K’^)  IIS'llp2,n2,R" 


=  sup 

4S(0,cxd) 


-1/Pl  I 


Ip'l,  "8(0,4) 


supu(r)  c 


ess 


Te(o,4) 


pf  8(0,t) 


=  esssuptt(t)||u;^ 
4S(0,oo) 


-1/Pl  I 


-1/P2  I 


Ip', "8(0,4)  ITS  llp^,‘^B(0,4)’ 
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when  p2  <  oo,  and 


sup 

/,<;ean+(iR") 


ll/llpi,'yi,IK”  I|5||oo,i)2,IK” 


u{t) 


ess  supit(t)||v;^ 

tS(0,oo) 


-1/Pl  I 


-1 


ld-B(0,d’ 


when  p2  =  oo. 

(c)  Let  Pi  =  P2  =  oo.  By  [21,  Theorem  2.2,  (d)],  (34)  yields 


ess 


sup 

/,<;ean+(M") 


SUPtg(o,oo)  ^  f'=B(0,t)  /  ■  f^B{0,t)  9^ 


Halloo, 


^2,- 


~  sup  T—f— -  sup  (esssupf  /  5  p('r)  )  ||^'1  s. 

gOdn+iR”-)  \\9\\oo,V2M"  t£{0,oo)  \  T£{0,t)  \  J  ^B(0,t)  J  /  .  w,  ; 

Interchanging  the  suprema,  by  duality,  on  using  (10),  we  arrive  at 


ess 


sup 

/,<;eOT+(IR") 


SUPtg(o,oo)  ^  f'=B(0,t)  f  ■  f^B{0,t)  9^ 


II  -ill  /  111  f^B{0,T)9 

sup  ||ui  II  J  ess  sup  u(r)  sup  t— ^ - 

te(0,oo)  ’  '  ’  ^  V  Te(o,t)  Vseim+(R")  ll5'l|oo,i>2,iR" 


( 


.-i| 


=  sup  llUi^ll  esssupn(r)||u2^||  ) 

te(0,oo)  ^  ^  V  Te(o,t)  ^  ' 


=  esssupu(t)||ui  ^11 1^5(0,4)11^2  Nliy5(0,4)- 

tG(0,oo) 
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